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Summary
Radial line slot antennas (RLSAs) have been good candidates for high gain appli-
cations since they were firstly proposed in 1980s. They are developed to substitute
parabolic dishes in the Direct Broadcast from Satellite (DBS) receivers due to their
low profiles and simple configurations which make them suitable for the low-cost
production. The key problem in the design of such antennas is the exact analysis of
the slot couplings on the plate. The desired uniform amplitude and phase over the
aperture can be obtained only when the optimal geometries and arrangements of
these slots are determined. Thus a full wave analysis must be carried out. Among the
several methods that have been proposed to analyze the mutual couplings between
the slots inside the radial line waveguide, the moment method is prefered in which
the interactions between the slots are considered as the mutual couplings between
the equivalent magnetic sources. Thus the Green’s functions in the parallel-plate
waveguide is usually a prerequisite for the computation of the admittance matrix.
However, the Green’s functions for this region are always difficult to be derived
and used, either for the sake of the complicated mathematical pretreatments (e.g.
DCIM) or the slow convergence of numerical integrations.
ii
SUMMARY iii
This thesis presents an efficient approach that can be applied for the analysis of
the slot couplings of the RLSAs. The method of moments is implemented following
the conventional procedure for solving the slot excitation coefficients. The self and
mutual admittances of the slots are obtained by computing the mutual impedances
between the center-driven line dipoles. The image theory is applied to obtain the
admittance matrix for the exterior and waveguide regions. A good agreement with
the results obtained by using the free space Green’s function is achieved while the
traditional numerical integrations are avoided. This method for computing the slot
admittance is much simpler than the previous techniques while the acceptable com-
putational costs are maintained.
This thesis also proposes an improved technique for the slot array design of
Concentric Array Radial Line Slot Antennas (CA-RLSAs) in which the slot pairs
are split into several identical sectors. The Galerkin’s moment method is applied
to solve the unknown excitation coefficients of each slot. Thanks to the property of
the symmetry of these slot pairs, so the numbers of the unknowns and the elements
of the admittance matrix are minimized such that the computational costs can be
greatly reduced. This method may also simplify the design procedure since only the
slots of one sector are considered during the optimizations.
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Chapter 1
Introduction
A Radial Line Slot Antenna (RLSA) was firstly proposed nearly 40 years ago [1]
and became an important subject of studies as the perspective antenna for direct
TV satellite broadcasting and any other wireless communications since 1980 [2].
Applications also include automotive collision avoidance radar, entrance radio link
with high antenna gain of 30-40 dBi, and high speed wireless LAN with relatively
low-gain antennas of 15-25 dBi. Many obvious features of RLSAs include high
efficiency, high gain, ease of handling and front-end installation, suitability for mass
production. Compared with commonly used parabolic antennas, the RLSA antenna
has more advantages such as low-profile, low-weight, and more-aesthetic one [3].
The single layered Radial Line Slot Array (RLSA) antenna, originally proposed
by Goebels and Kelly [4], and then further investigated by Goto and Yamamoto
[5], is attractive for point-to-point communications as well as for receiving Direct-
to-Home television programs. Single- and double-layered types of the antennas,
1
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including both circular and linear polarization performances, have been proposed
and investigated. The single layered RLSA is prefered due to its simpler structure
thus has been the main interest of many researchers in the past decades. It is
physically formed by a thin cylindrical plastic body (r > 1), which is enclosed
in a conductive coating or foil material. In the standard RLSA design, the upper
circular surface includes a distribution of radiating slots, while the rear surface is
devoid of any slots. This rear surface incorporates a coaxial feeding element at its
center. An area on the upper surface around the feed probe (about one- or two-
wavelength radius) is left devoid of slots to allow an axially symmetric traveling wave
to stabilize inside the radial guide. By careful choice of slot orientation, different
types of wave polarizations can be transmitted or received. Several techniques have
been developed in recent years on this antenna because of its potential to overcome
a number of problems associated with its competitors, such as a parabolic reflector
antenna or a planar microstrip patch array.
1.1 Slot design of RLSAs
1.1.1 Linearly polarized RLSA (LPRLSA)
Fig. 1.1 shows the basic structure of the LPRLSA. A unit radiator is an adjacent
slot pair (#1, #2) lying along the φ = constant direction (ρ, φ ), with a proper
waveguide height H (H≤ 0.5λg), the inner field is assumed to be represented by a
TEM wave whose variation with cavity radius is approximated by:
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Figure 1.1: Configuration of the LPRLSA
Figure 1.2: Slot pair in the analysis
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F (ρ) ∝ ejKgρ, (1.1)
where Kg is the wave number in the waveguide and ρ is raidal direction in the
cylindrical coordinates.
For a given slot, the coupled field is proportional to the slot orientation factor
as given by:
g = ejKgρ sin θ, (1.2)
where θ is the angle the slot makes with the current flow line, as shown in Fig. 1.2.
For the resultant radiation from each slot to combine at boresight to produce linear
polarization, the slot excitation phases are required to differ by 0 or 180 degrees.
Therefore, the slot spacing is chosen to be half of the guide wavelength. This allows
one to express the two slot-excitation coefficients (ζ1, ζ2) as given by:
ζ[1
2
] =


+
−

 sin θ
[
1
2
]. (1.3)
By projecting the field contributions of each slot onto the copolar (+xˆ) and
cross-polar (+yˆ) directions, and by enforcing the co- and cross-polar requirements,
the following is obtained:
sin θ1 sin(θ1 + φ)− sin θ2 sin(θ2 + φ) = 1 (Co-Polarization), (1.4)
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− sin θ1 sin(θ1 + φ) + sin θ2 sin(θ2 + φ) = 0 (Cross-Polarization). (1.5)
Equations (1.4) and (1.5) can be simultaneously satisfied by choosing:
θ1 = pi/2− φ/2, (1.6)
θ2 = −φ/2. (1.7)
To obtain broadside radiation, the successively arrayed slot rings must satisfy the
zero phase shift requirement which is achieved by a radial spacing between successive
unit radiators in the radial direction of one guide wavelength. This requirement leads
to the radial-spacing as described by:
ρodd = ρ1 ± nλg, (slot 2m− 1), (1.8)
ρeven = ρ2 ± nλg, (slot 2m− 1), (1.9)
where n and m are integers.
However, there is a serious problem with this slot arrangement of its return loss
performance. As indicated in [6], since adjacent radiating slots are spaced a half-
wavelength apart, reflections from successive slots are in-phase at the antenna feed
point. Then the additional slots are considered to the radiating surface [7]. These
additional slots are required to be placed at a radial distance of 1/4λg from the
radiation slots to cause additional reflections. Due to this spacing, these additional
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Figure 1.3: The geometry of the canceling slots
reflections will combine in antiphase with those from the radiation slots, producing
reflection cancelation at the feed point. These slots must also be placed perpendic-
ular to the current flow line at all points on the antenna surface, thus ensuring that
their radiation effect is negligible. For the radiation slot geometries given by (1.6)
and (1.9) to ensure that radiation and reflection canceling slots do not physically
overlap, the positioning of these additional slots as shown in Fig. 1.3 is given in
the following relations:
r3 = Sφ − λg/4 tan ξ, (1.10)
r4 = Sφ + λg/4 tan ξ, (1.11)
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Figure 1.4: Top view RLSA with canceling slots
where ξ is defined as:
ξ = pi − φ
2
, for − pi
2
≤ φ ≤ pi
2
(1.12)
ξ = φ
2
− pi
2
, for pi
2
≤ φ ≤ 3pi
2
(1.13)
This choice of reflection-canceling slot offsets r1, r2 will ensure no physical over-
lap between radiating and reflection canceling slots. When radiating slots are set
short enough, the overlap will not happen even if we do not follow the above equa-
tions in (1.10)-(1.13). Fig. 1.4 shows the top view of a RLSA with canceling slots
that avoid using these equations.
Although the method of placing the reflection-canceling slots on the antenna’s
surface improve the reflections from the slot pairs, it may downgrade the purity of
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the polarization due to their radiation, and this also adds to the manufacturing cost
of the antenna. An alternative approach to improve the return loss in a standard
LPRLSA is to utilize a beam-squinting technique [3]. This method is explained
using the coordinates shown in Fig. 1.5.
Figure 1.5: The beam-squinted geometry
Assume that the desired squint angle is described by (θT , φT ) in the respective
planes. The analysis for co-phased superposition of slot-radiation at the observation
point results in the following expressions for new slot inclination angles θ1 and θ2 :
θ1 = −
pi
4
+
1
2
{
tan−1[
cos θT
tanφT
]− (φ− φT )
}
, (1.14)
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θ2 =
pi
4
+
1
2
{tan−1
[
cos θT
tanφT
]
− (φ− φT )}. (1.15)
In addition to the change in slot inclinations, one also needs to modify the
radial spacing between consecutive slot pairs, Sρ , which is given by the following
expression:
Sρ =
λg
1−√εr sin θT cos(φ− φT )
. (1.16)
For the case of simply squinting the main beam in the plane of polarization,
φT = 0, then (1.14) and (1.15) reduce to their boresight forms in Equations (1.6)
and (1.9), and only the slot-pairs’ radial spacing, Sρ, requires modification from that
of the standard LPRLSA. In any squint case, (1.16) indicates that the spacing of
adjacent slot pairs in the radial direction will be a non-constant function of φ, so
avoiding the situation of all slot reflections arriving back at the feed point in-phase,
and thereby avoiding the poor-return-loss problem.
1.1.2 Circularly polarized concentric array RLSA (CA-RLSA)
A concentric array RLSA was proposed for efficiency enhancement of smaller RLSA
[8]. The aperture is covered with several concentric circular arrays each of which
consists of identical slot pairs. This slot arrangement does not degrade the rotational
symmetry of the inner field. To realize the boresight beam, a TM rotating mode is
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excited by a cavity resonator. The outermost array consists of matching slot pairs
which radiate all the residual power. Two contradictory requirements of reduction of
termination loss and rotational symmetry are thus satisfied in CA-RLSA. However,
the conventional continuous source model for coupling analysis is no longer valid for
extremely small arrays. Instead, CA-RLSA provides us with an alternative possi-
bility of numerical optimization of slot design since the number of slot parameters
in CA-RLSA is no more than the number of circular arrays and is much smaller
than that in spiral array RLSA (Fig. 1.6(b)). The slots of CA-RLSA are placed at
concentric rings as shown in Fig. 1.6(a). When the field inside the radial line is a
TEM wave with uniform phase as:
E = zˆE0(ρ) · e−j·kgρ, (1.17)
then the radiated field from a ring of slots has a conical pattern with a null at the
broadside direction. To obtain a broadside radiation pattern the field inside the
radial line must be uniform in amplitude with linear progressive phase as follows:
E = zˆE0(ρ) · e−j·kgρ±jφ. (1.18)
In the above equation, the sign of phase angle must agree with the element
polarization. The sign + corresponds to left handed circular polarization, used in
this design.
The focus of current research includes the design of the radiating surface which
requires to optimize the slots design to realize the uniform amplitude and phase over
the aperture while a relatively low termination loss is maintained. Thus the first step
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(a) Concentric array-RLSA
(b) Spiral array-RLSA
Figure 1.6: Top view of the RLSAs
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of slot design is to arrange the slot pair. The slot pair should be designed in such a
way that it will excite left handed circular polarization (LHCP) and the reflection
from each slot pair should be minimized. When we set two slots separated by one
quarter of guide wavelength along the radial line and normal to each other, circular
polarization is obtained in the broadside direction for a given outward traveling TEM
wave and the reflection from each slot pair will be canceled due to the distance of
quarter guide wavelength between the two slots. It is also investigated that when
one slot of the pair cuts the other slot at its center, the coupling between the two
slots will be minimized [9]. Thus, all the slot pairs are designed in such a way as
shown in Fig. 1.7.
Figure 1.7: Slot pair arrangement of CARLSA
In Fig. 1.7, the θ1, θ2, ∆φ and the radial position ρ should satisfy the following
relations to realize the excitation of LHP while the minimum coupling between the
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two slots are achieved :
sin θ1 = sin θ2 ⇒ θ1 + θ2 = pi, (1.19a)
θ2 = arctan(
ρ
ρ+ λg4
), (1.19b)
∆φ = pi
2
− 2θ2. (1.19c)
However, a more accurate design can only be achieved via the full wave method
(the method of moments) which would be the main topic in my thesis and the details
will be shown in the following chapters.
1.2 Prediction of the radiation patterns
The radiation pattern of the RLSAs can be predicted by a very simple method given
by P. W. Davis [3] where a simple magnetic-dipole model is used to replace the unit
radiator element. After some derivations the resultant far field is given as:
Eθ(θ, φ) = j
Vm
pi
cosφcos(kl sin θ sinφ)− cos(kl)
(1− sin2 θ sin2 φ)
sin(kw sin θ sinφ/2)
(kw sin θ sinφ/2)
, (1.20)
Eφ(θ, φ) = −j
Vm
pi
cos θ sinφcos(kl sin θ sinφ)− cos(kl)
(1− sin2 θ sin2 φ)
sin(kw sin θ sinφ/2)
(kw sin θ sinφ/2)
, (1.21)
where Vm is the slot excitation potential, w is the slot width, l is the slot length, k
is the free-space wavenumber and (θ, φ) are the angular coordinates in the far-field
region. The radiation pattern is obtained using the superposition. The accuracy of
this method has been verified with the experimental data [10] as shown in Fig. 1.8.
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(a) Co-polarization
(b) Cross-polarization
Figure 1.8: H-plane radiation pattern
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1.3 Numerical optimization of slots of RLSAs
1.3.1 Model of infinite array on a rectangular waveguide
Introduction
In the infinite array analysis [11], periodicity in the x direction is reflected in the
dyadic Green’s function, while the infinite series in the z direction is approximated
by finite arrays. The fields in a parallel plate waveguide are similar to those in the
rectangular waveguide with the periodic boundary conditions on its narrow walls.
The integral equations are derived by applying the field equivalence theorem. Each
slot is replaced by an unknown equivalent magnetic current sheet backed with a
perfectly conducting wall. The analysis model is then divided into the upper half
space (region 1) and the rectangular waveguide (region 2). For respective regions,
the dyadic Green’s functions G1m and G2m for the magnetic field produced by a unit
magnetic current are formulated straightforwardly. The continuity condition for the
tangential magnetic fields on the ith slot aperture Si requires the integral relation
of:
∑
i
∫ ∫
Si
G1m{Ei × (−yˆ)}dsi = Hin +
∑
i
∫ ∫
Si
G2m{Ei × (yˆ)}dsi, (1.22)
where Ei, yˆ, and Hin, are the unknown electric field on the ith slot, a unit vector in
the y direction and the incident TEM magnetic field, respectively. For the reduc-
tion of (1.22) to a system of linear equations, the Galerkin’s method of moments
procedure is adopted to reduce (1.22) to a system of linear equations. For this the
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functional form of the unknown electric field Ei is assumed in the ith slot. The
slot width is assumed to be narrow (about l/10) in comparison with its length; the
aperture electric field Ei is assumed to be purely polarized along the slot width. It
is expressed in terms of the unknown slot excitation coefficient Ai, as:
Ei = Aif(xi)g(yi)yˆi = Aiei, (1.23)
where xi and yi are the local co-ordinates on the ith slot, in the length and the
width direction, respectively. f(xi) and g(yi) are defined as [12]
f(xi) =
sin k0(li/2− |xi|)
sin(k0li/2)
, (1.24)
g(yi) =
1√
[(w/2)2 − y2i ]
, (1.25)
where li and w are the slot length of the ith slot and the slot width.
The integral equation (1.22) is multiplied with the basis functions ej × yˆ and is
integrated over the slot aperture Si. A system of linear equations for the unknown
coefficients Ai leads to:
∑
i
Ai
∫ ∫
Sj
∫ ∫
Si
(ej× yˆ)(G1m+G2m)(ei× yˆ)dsidsj = −
∫ ∫
Sj
(ej× yˆ)Hindsj . (1.26)
Slot excitation coefficients, Ai, can be solved from equation (1.26). Then other
coefficients such as the radiation pattern and the return loss can be obtained without
much effort.
Limitations
This method is based on the assumption that the aperture of the RLSA is very
large so that the couplings between the slots can be approximated as ones in an
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infinite array on the rectangular waveguide with periodical boundaries. However, it
cannot be applied to the case of very small aperture RLSAs since fewer slot pairs
are considered thus the approximation will lead to great errors.
1.3.2 Cylindrical cavity model with corresponding dyadic
Green’s function
Introduction
The moment method using the dyadic Green’s functions expanded by cylindrical
eigenfunctions is applied to analyze the small aperture RLSAs [13]. The similar
method is used in (1.22) and the following integral relation is satisfied:
∑
i
∫ ∫
Si
Gexteriorm {Ei × (−yˆ)}dsi = Hin +
∑
i
∫ ∫
Si
Ginterm {Ei × (yˆ)}dsi. (1.27)
Gexteriorm is a dyadic Green’s function for the magnetic field produced by a unit
magnetic current, in the exterior region which is twice as large as the free space
Green’s function, while Ginterm is that for the cylindrical cavity region. The dyadic
Green’s function in the cavity region is expanded by a series of cylindrical mode
functions propagating toward z direction [14]. Hin is the incident TEM magnetic
field which is assumed for the slot excitation and Hankel functions of the first and
second kinds are used to represent the dominant TEM waves propagating toward
the ρ direction. Consequently, slot excitation coefficients can be obtained in the
same way as the above paragraph.
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Limitations
This method precisely gives the physical model of such antennas and seems to be
very simple, but the numerical estimation of the integral along the slot is really a
tough job for higher order eigenfunctions, which seriously increase the computational
cost. Moreover, the number of the modes to be considered in the analysis is too
large and the convergence of the reaction coefficients is hardly expected.
1.3.3 Cylindrical cavity model formed by short pins in a
rectangular waveguide
Introduction
A circular cavity is modeled by the rectangular cavity with short pins in the method
of moments analysis [15]. The advantage of this method is the reduction of computa-
tional cost, since no numerical integration is required in this model. The numerical
results for the return loss agree well with those of the experiments.
A rectangular cavity with circularly arranged short pins models a circular cavity
and some boundary conditions are enforced:
(i) Tangential magnetic fields are continuous through the slot aperture;
(ii) Tangential electric field is zero on the short pins.
The Green’s functions used in this method consists of the free space magnetic dyadic
Green’s function of magnetic source and the dyadic Green’s function for rectangular
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cavity which can be expressed as an infinite sum of eigenfunctions for the rectangular
waveguide. The integrals in the Galerkin’s procedure can be estimated analytically
for the eigenfunctions of rectangular waveguide, which may be an obvious advantage.
Limitations
In this method, the distance between the adjacent short pins must be smaller than
λg/17 to make sure that the circumferential nonuniformity due to the use of rec-
tangular cavity will disappear. Therefore, many numbers of the pins, together with
modes in the cavity and basis functions on the slots, must be added in the calcula-
tion of matrix which will cause a very large dimension even in the case where only
small number of slots are present.
1.3.4 Parallel-plate waveguide model
Parallel-plate waveguide model is proposed to analyze RLSAs in the method of mo-
ments [16] where an infinite series of the current images in the free space are used to
model the current in the waveguide thus the Green’s functions become the summa-
tion of the infinite free space Green’s functions. This method significantly simplifies
the derivation of the Green’s functions but it will face some difficulties when the
height of the waveguide is very small because in this case too many terms are re-
quired for convergence which may lead to a high computational cost. The complex
image method, presented by Chow et al . [17, 18], is a good choice to overcome the
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above disadvantages. The drawback of the method is that complex mathematical
pretreatment is required, and the robustness of the method is dependent on the
mathematical tool used for the extraction of parameters. And although this tech-
nique appears to be suitable for small distances, it is shown to be less accurate for
large distances. Nevertheless, the maximum distance attainable far an acceptable
accuracy can be increased by extracting the surface waves if the Green’s function is
infinite at the origin. However, even if this is done, the method remains inaccurate
in the far field zone.
1.3.5 Conclusion
All of the existing moment method requires the derivations of the Green’s functions
for the specific models and the evaluation of the integral in the Garlekin process
must be carefully carried out to obtain the slot admittance matrix. In our thesis,
we apply the parallel-plate waveguide model and the slot admittance matrix can be
obtained without deriving the Green’s functions. The detailed information will be
described in the next a few chapters.
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1.4 Feeding circuit of CA-RLSA
1.4.1 Introduction
The feeding part of the classical RLSA (LPRLSA, spiral array-CPRLSA) is only
a simple cable, which is located at the center of the waveguide. Unfortunately,
for small aperture antennas, the symmetrical mode would be destroyed due to the
strong couplings from the asymmetrical slot arrangement. This shortcoming has
been overcome by the concentric array RLSA (CA-RLSA) [19]. However the design
of the feed for CA-RLSA is more complicated if a pencil beam radiation pattern
is desired while the single-cable fed one can only produce the conical beam. For
example, when the field inside the radial line is a TEM wave with uniform phase
like:
~E = zˆ ·E0(ρ) · e−j·kgρ, (1.28)
the radiated field from a ring of slots has a conical pattern with a null at the
broadside direction. To obtain a broadside radiation pattern the field inside the
radial line must be uniform in amplitude with linear progressive phase as follows:
~E = zˆ · E0(ρ) · e−j·kgρ±jφ. (1.29)
The sign + corresponds to left handed circular polarization, used in this design.
During the past decade, several structures [19–21] have been proposed to realize
the rotating mode in a parallel-plate waveguide. The electric-wall cavity resonator
has been used successfully to feed CA-RLSAs with a boresight beam [21]. But the
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three-dimensional structure is not suitable for minimizing antennas and integrating
feeding circuits, which would become notable especially in the millimeter-wave band.
The ring slot coupled planar circuit has a planar structure [22]. But the backward
scattering limits the efficiency of antennas. A cam-shaped dielectric adapter is also
a possible choice [21]. However, the mutation of the dielectric structure causes
manufacturing difficulty and instability in electrical performances.
We will introduce three latest designs which have been successfully applied as
the feedings of CA-RLSAs in the following parts.
1.4.2 Four-probe feeding structure by using microstrip But-
ler Matrix network
A four-probe feeding circuit with microstrip Buttler Matrix network has been pro-
posed [9]. The objective of this feeding circuits is to obtain two different modes
inside the waveguide. The first one (pencil beam) can be obtained when the field
inside the waveguide has the form in (1.29). This mode is obtained with four coaxial
probes excited with a progressive phase of 90o . The second mode (conical beam) is
obtained with the four coaxial probes excited in phase, that generates an uniform
mode defined by (1.28). The distances between the probes are optimized by com-
mercial software. Finally, a microstrip Butler Matrix network is designed to get the
required phases for both beams with the same amplitude. The experimental results
show the validation of this design and the good return loss is achieved.
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1.4.3 Ring slot feeding structure with coplanar waveguide
(CPW) circuits
A CPW-fed ring slot structure for CA-RLSA is proposed [23]. There are three
dielectric layers and three conductor plates. The slot pairs of CA-RLSA are on the
top plate. A ring slot and coplanar waveguides are on the second and third conductor
plates, respectively. There are dozens of pins connected to the second and third
conductor plates which form a wall of a circular cavity. The patch encircled by the
ring slot can be considered as a circular patch of a microstrip antenna. If the cavity is
fed by two signals that are orthogonal in both space and phase, the phase distribution
of the electrical field on the ring slot will be in the form of (1.29). A cavity with
an electrical wall is constructed beyond the patch cavity. This cavity limits the
electromagnetic energy propagating in parallel-plate waveguide mode between the
plates so that loss can be reduced further. The radius of the cavity is selected to
satisfy the first zero of J1(x) (the first kind of Bessel function of the first order) so
that the ring slot will be located at a maximum of the electrical field Ez and the
wall of the cavity is at a minimum of Ez . The cavity is excited by two CPWs that
are orthogonal in both space and phase. The length of the CPW in the cavity is
chosen to be a half-period of sine function or a quarter-period of cosine function for
the field distribution in the waveguide. This design allows minimizing antennas and
integrating feeding circuits, which is very important in the millimeter-wave band.
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1.4.4 Rectangular waveguide feeding with crossed slot
A crossed slot cut on the broad wall of a rectangular waveguide can be considered as
an circularly polarized antenna. When the broad wall of the rectangular waveguide is
connected to the center of the lower plate of a radial waveguide, the radial waveguide
will be excited through a crossed slot [24]. The full wave analysis can be carried
out to optimize the geometry of the slot and we may expect a rotating mode in the
form of (1.29) for the pencil beam radiation. The full-model analysis including this
feeder has been proposed and desired rotational mode with low ripples in phase and
amplitude is verified by the experiment [25].
1.5 Outline of the thesis
In Chapter 1 we make a brief review of the design of the Radial Line Slot Antennas
which include the slot array design, radiation pattern prediction, numerical analysis
of the slot couplings and the design of the feeding structure. Then we outline the
structure of the thesis and point out our original contributions.
In Chapter 2 we introduce the method of moments for the electromagnetics
problems and apply it for the analysis of the slot couplings. The Finite Element
Method (FEM) and Mode Matching Method (MMM) are also introduced because
of their potential applications in the analysis and design of the feedings of RLSAs.
In Chapter 3 we give a novel method for the calculation of the admittance of the
short and narrow slots of RLSAs either in the outer half space or in the waveguide
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regions. The detailed derivations of the mutual impedance between dipoles of copla-
nar and nonplanar are described which will be transformed to the slot admittance for
the outer and inner regions respectively by following the corresponding equations.
This technique for the slot admittance will excludes the derivation of the Green’s
functions in the waveguide region and numerical integrations.
In Chapter 4 we propose a new method for the design of the slot arrays of Con-
centric Array RLSAs (CA-RLSAs). We utilize the symmetry of the slot arrangement
to split the array into several sectors and only consider the unknown excitation coef-
ficients of one sector. The admittance matrix can be reduced to a much smaller one
and it thus saves the computational cost. In Chapter 5 we will draw a comprehensive
conclusion for this thesis.
1.6 Original contributions
A new method for calculating the slot admittance by applying the formulations of
the mutual impedance of the conductor dipoles is proposed. Unlike the previous
methods, no Green’s function is needed in the whole procedure. Good results are
obtained which have been compared with those calculated by using Green’s func-
tions. An array sectoring method is proposed to analyze the CA-RLSAs which can
greatly reduce the matrix size of the slot admittance while the unknown slot excita-
tions are also minimized. An CA-RLSA with 12 sectors and 5 rings are optimized
to achieve the desired performance. The final design can be obtained after several
rounds of optimizations of the slot lengths and positions.
Chapter 2
Numerical methods for the
analysis of RLSAs
2.1 Method of moments in the analysis of the
slots couplings
2.1.1 Introduction
The method of moments, which is also known as the moment method, is a powerful
numerical technique for solving boundary-value problems in electromagnetics. The
moment method transforms the governing equation of a given boundary-value prob-
lem into a matrix equation that can be solved on a computer. Although the basic
mathematical concepts of the moment method were established in the early twen-
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tieth century, its application to the electromagnetics problems first occurred in the
1960s with the publication of the pioneering work by Mei and Van Bladel [26], An-
dreasen [27], Oshiro [28], Richmond [29], and others. The unified formulation of the
method was presented by Harrington in his seminal book [30]. Later, the method
has been developed further and applied to a variety of important electromagnet-
ics problems, and has become one of the predominant methods in computational
electromagnetics today. In this chapter we first describe the basic principle of the
moment method. This is followed by the discussion on the usually used basis and
testing functions.
2.1.2 Basic principle
The basic principle of the moment method is to convert the governing equation of
a given boundary-value problem, through numerical approximations, into a matrix
equation that can be solved numerically on a computer. To illustrate its procedure,
we consider the inhomogeneous equation
Lφ = f, (2.1)
where L is a linear operator, φ is the unknown function to be determined, and f is
the known function representing the source. The solution domain is to be denoted
by Ω. To seek a solution to (2.1), we first choose a series of functions v1, v2, v3, ...,
which form a complete set in Ω, and expand the unknown function φ as
φ =
N∑
n=1
cnvn, (2.2)
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where cn are the unknown expansion coefficients and vn are called expansion func-
tions or basis functions. The sum in (2.2) is usually infinite and hence needs to be
truncated for numerical computation. From the above two equations we can have:
N∑
n=1
cnLvn = f. (2.3)
We choose another set of functions ω1, ω2, ω3, ... in the range of L and take the inner
product of (2.2) with each ωm, yielding:
N∑
n=1
cn < ωm, Lvn > =< ωm, f > m = 1, 2, ...,M, (2.4)
where < x, y > is a properly defined inner product of x and y in domain Ω. The ωm
are usually referred to as weighting functions or testing functions. Equation (2.4)
can be written in a matrix form as
[S][c] = [b], (2.5)
where [S] is called the system matrix whose elements are given by
Smn =< ωm, Lvn >, (2.6)
and [c], [b] are called the unknown and source vectors, respectively, while the element
of [b] is given by:
bm =< ωm, f > . (2.7)
If we choose M to be same as N , [S] will be a square matrix. If the matrix [S]
is nonsingular, its inversion then gives the solution for [c]:
[c] = [S]−1[b], (2.8)
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from which the solution of φ can be calculated by using (2.2).
The above procedure is called the method of moments because (2.4) is equivalent
to taking the moments of (2.3). The solution procedure works for both differential
and integral operators.
It’s obvious that there are four steps for solving an electromagnetic boundary-
value problem in the moment method:
• To formulate the problem in terms of an integral equation,
• To represent the unknown quantity using a set of basis functions,
• To convert the integral equation into a matrix equation using a set of testing
functions, and
• To solve the matrix equation and calculate the desired quantities.
2.1.3 Basis and testing functions
One very important step in any numerical solution is the choice of basis functions.
In general, we choose the sets of basis functions that has the ability to accurately
represent and resemble the anticipated unknown function, while minimizing the
computational effort required to employ it.
There are many possible basis set and they may be divided into two general
classes. The first class consists of subdomain functions which are nonzero only over
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a part of the domain of the function g(x′); its domain is the surface of the structure.
The second class contains entire domain functions that exist over the entire domain
of the unknown function.
Subdomain functions
Subdomain functions are the most common ones because they may be used with-
out prior knowledge of the nature of the function that they must represent. The
subdomain approach involves subdivision of the structure into N nonoverlapping
segments. The basis functions are defined in conjunction with the limits of one or
more of the segments. There are many sets of subdomain basis functions such as
piecewise constant, piecewise linear, piecewise sinusoid and truncated cosine.
Piecewise constant basis functions may be the most common one which is defined
as Piecewise Constant
gn(x′) =



1, x′n−1 ≤ x′ ≤ x′n :
0, elsewhere.
(2.9)
Another common basis set is the piecewise linear which is also known as triangle
functions that is defined as Piecewise Linear (Rooftop)
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gn(x′) =



x′−x′n−1
x′n−x′n−1
, x′n−1 ≤ x′ ≤ x′n;
x′n+1−x
′
x′n+1−x′n
, x′n ≤ x′ ≤ x′n+1;
0 elsewhere.
(2.10)
This set resulting representation is smoother than the piecewise constant set
but will increase the cost of the computational complexity.
Since some integral operators may be evaluated without numerical integration when
their integrands are multiplied by a sine or cosine function. In such cases, consid-
erable advantages in computational time and resistance to errors can be obtained
using basis functions like the piecewise sinusoid or truncated cosine sets. These two
are defined as piecewise sinusoid
gn(x′) =



sin[k(x′−x′n−1)]
sin[k(x′n−x′n−1)]
, x′n−1 ≤ x′ ≤ x′n;
sin[k(x′n+1−x′)]
sin[k(x′n+1−x′n)]
, x′n ≤ x′ ≤ x′n+1;
0, elsewhere.
(2.11)
Truncated Cosine
gn(x′) =



cos[k(x′ − x
′
n−x′n−1
2 )] x
′
n−1,≤ x′ ≤ x′n;
0, elsewhere
(2.12)
Entire domain functions
Entire domain functions are defined nonzero over the entire length of the structure
being considered. Thus no segmentation is involved in the application. A most
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commonly used entire domain basis set is the sinusoidal functions defined as
gn(x′) = cos[
(2n− 1)pix′
l
], − l
2
≤ x′ ≤ l
2
. (2.13)
This basis set is very suitable for modeling the current distribution on a wire
dipole which is known to have primarily sinusoidal distribution. The main advantage
of entire domain basis functions is that it may render an acceptable representation
of the unknown while using far fewer terms in the expansion of (2.2) than would be
necessary for subdomain bases. Representation of a function by entire domain cosine
and sine functions is similar to the Fourier series expansion of arbitrary functions.
However, entire domain basis functions usually have difficulty in modeling arbitrary
or complicated unknown functions.
Basis functions in the analysis of short and narrow slots of RLSAs
The electric field in the slot can be approximated by the fundamental cosine mode
so that only one piecewise sinusoidal basis function per slot is used to expand the
equivalent magnetic current density [31, 32, 16]. This approximation is known to
produce good results when the slots are shorter than their resonance length, espe-
cially in the case when they are fed by a distributed source like an incident wave.
Fig.2.1 [10] shows the comparison between the cosine function and the actual mag-
netic current on a slot. The slot is 0.4λ in length and the current was obtained by
the MoM using 80 triangles for both basis and testing functions.
Consequently, in our thesis, the subdomain function (2.14) will be adopted. Con-
sidering the narrow slot approximation, the basis function representing the current
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Figure 2.1: Current distributions by MoM and cosine approximation
distribution on the slot (Fig.2.2) is chosen as
M(y) = yˆ ·
sin[k0 · (L2 − |y|)]
sin(k0·L2 )
· δ(x), − L
2
≤ y′ ≤ L
2
, (2.14)
where k0 and η0 denote the wavenumber and the intrinsic impedance of the free
space.
Weighting (Testing) function
Expansion of (2.3) leads to one equation with N unknowns. So N linearly in-
dependent equations are needed to determine the N unknown an(n = 1, 2, ..., N)
constants. An inner product 〈w, g〉 can be defined and a scalar equation operation
is satisfying the laws of
〈w, g〉 = 〈g, w〉 (2.15a)
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Figure 2.2: Slot orientation
〈bf + cg, w〉 = b〈f, w〉 + c〈g, w〉 (2.15b)
〈g∗, g〉 > 0, if g 6= 0 (2.15c)
〈g∗, g〉 = 0, if g = 0 (2.15d)
where b and c are scalars and the asterisk (*) indicates complex conjugation. A
typical, but not unique, inner product is
〈w, g〉 =
∫ ∫
S
w∗ · gds, (2.16)
where the w functions are the weighting (testing) functions and S is the surface of
the area under analyzed. The choice of testing functions is important because the
elements of wn must be linearly independent. It will be advantageous to choose
testing functions that minimize the computations required to evaluate the inner
product. Once the basis and testing functions are using the same elements, the
procedure is known as the Galerkin procedure. In this thesis, all the testing functions
are chosen as the same as the basis functions as shown in (2.14).
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2.2 Numerical methods in the analysis of the feed-
ings of RLSAS
To obtain the optimal dimensions of the feeding structure of the RLSA antenna for
maximizing return loss while maintaining the rotating-mode purity, the Finite Ele-
ment Method (FEM) and Mode Matching Method (MMM) are suitable techniques
due to their own advantages.
The FEM has been extensively used in scattering, radiation and propagation
problems due to its versatility in handling complex geometries. Thus it can be
applied easily to analyze the feeding circuit in the parallel-plate waveguide of RL-
SAs as well. The feeding structure can be analyzed by using general-purpose elec-
tromagnetic modeling software, such as finite-element method (FEM)-based High
Frequency Structure Simulator (HFSS). The drawback of this approach is that it
requires large computational resources and relatively long computational time. A
demand for an iterative optimization further increases the computational time to
obtain results of interest.
To avoid the shortcomings of general-purposed EM software, a modal matching
method (MMM) is proposed to produce a computer algorithm for efficient analysis
of these structures [33, 34]. The MMM for the analysis of an RLSA antenna ex-
cited by a cavity resonator with either electric or magnetic walls has been presented
in [35,36]. This analysis employs radial transverse magnetic (TM) modes to express
the electromagnetic field in different regions of the radial guide. The analysis de-
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scribed in [34] uses both TM and TE radial modes to express the fields in all regions
of the radial guide except for the region under the patch. The MMM will lead to
less computational cost as compared to other methods for some specific structures
especially for the analysis of the coaxial-to-waveguide structures but cannot be used
for the arbitrary ones. As for the example of the crossed-slot feed through a rectan-
gular waveguide described in Chapter 1, it is almost impossible to apply the MMM
there.
Chapter 3
Calculation of the slot admittance
3.1 Introduction
The main task in the design of RLSA antennas is the exact analysis of the mutual
admittances of the slots on the top plate. The desired uniform amplitude and phase
over the aperture can be obtained only when the optimal geometries and arrange-
ments of these slots are determined. Thus a full wave analysis must be carried out to
achieve the desired performance. Among the several methods in [16,37,38] that have
been proposed to analyze the mutual couplings between the slots inside the radial
line waveguide, the moment method is prefered in which the interactions between the
slots are considered as the mutual couplings between the magnetic currents. Thus
the Green’s function in the parallel plates is usually a prerequisite for the computa-
tion of the admittance matrix. However, the Green’s functions in the parallel plates
are always difficult to use, either for the sake of slow convergences of numerical
37
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integrations or the complicated mathematical pretreatments (e.g. DCIM). In this
paper, a novel method for the computation of the self and mutual admittances of the
slots is proposed while no Green’s functions and numerical integrations are involved
since only the mutual impedances of the dipoles in the closed form expressions are
used. The mutual admittances between two slots using this method are compared
with those computed by the moment method and agreeable results are obtained.
3.2 Admittance of the slot on the top plate of the
parallel-plate waveguide
The RLSAs antennas can be considered as a parallel-plate waveguide with slots cut
on the top plate which radiate power into the outer space. The model consists of
the elements shown in Fig. 3.1 where two slots (only 2 slots are shown) are on the
top plate. Following the formulation in [39], the slots are covered by an electric
conductor. Equivalent magnetic currents are placed at the slot locations on both
sides of the electric conductor pointing opposite directions to make sure that the
tangential component of electric field is continuous across the slots. The magnetic
current distribution for a slot shorter than half a wavelength can be approximated
by the fundamental cosine mode [40] thus only one basis function per slot is used.
This current distribution is almost the same as the one for the symmetrical center-
driven cylindrical dipole antenna. Thus the analysis of the couplings between slots
can be obtained by analyzing the couplings between dipole antennas. Once all
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the self and mutual admittances of the slots for the inner and exterior regions are
computed, the moment method can be carried out easily to solve the unknown
excitation coefficients.
Figure 3.1: Model of 2 slots on the top plate of the waveguide
3.2.1 The admittance on a conducting plate
For a thin slot (slot width (w)  slot length (l)) which is shorter than half a
wavelength on a conducting plate, the field over the aperture can be treated as a
magnetic current in the longitudinal direction. Its admittance in the exterior region
can be expressed as follows if the width of the slot is twice as the radii of the
dipole [12]:
Y = 2 0
µ0
Z. (3.1)
The factor 2 comes from the presence of the original current and its image due
to the conducting plate. Z = R + jX is the input impedance of the symmetrical
center-driven cylindrical dipole antenna of the same length and has been given in [41]
as:
R = η
2pi sin2(kl/2)
{C + ln (kl)− Ci(kl) +
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Figure 3.2: Comparison of the mutual admittances
1
2
sin (kl)[Si(2kl)− 2Si(kl)] +
1
2
cos (kl)
[C + ln (kl/2) + Ci(2kl)− 2Ci(kl)]}, (3.2a)
X = η
4pi sin2(kl/2)
{2Si(kl) + cos (kl)[2Si(kl)− Si(2kl)]
− sin (kl)[2Ci(kl)− Ci(2kl)− Ci(
2ka2
l
)]}, (3.2b)
where Si(x) and Ci(x) are the sine and cosine integrals and η is the intrinsic im-
pedance of the medium. Similarly, we can also show that the mutual admittance
between two slots (e.g. slot i and j) can be shown as:
Yi,j = 2
0
µ0
Zi,j , (3.3)
where Zi,j is the mutual impedance of two center-driven cylindrical dipoles (e.g.
dipole i and j) with the corresponding lengths of the slots. Since King [42] has
determined the mutual impedance between parallel dipoles, Lewin [43] and Rich-
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mond [44] have analyzed the general mutual impedance of coplanar skew dipoles,
we can thus compute the mutual and self admittances of the slots in the exterior
region of the parallel-plate waveguide without any numerical integrations.
3.2.2 The mutual impedance of two coplanar-skew dipoles
We follow the Richmond to derive the expression for the mutual impedance of two
coplanar dipoles. As shown in Fig. 3.3, we consider a dipole located on the z axis
where z1 and z3 denote the endpoints and z2 the terminals. In the induced EMF
method, the dipole current is given by:
I1(z) = zˆI1
sin k(z − z1)
sin kl1
, z1 < z < z2; (3.4)
I1(z) = zˆI1
sin k(z3 − z)
sin kl2
, z2 < z < z3. (3.5)
The field generated in free space by this dipole is determined from the expres-
sions of Schelkunoff and Friis [45]. The cylindrical components of the electric field
are:
Eρ =
j30I1
ρ
[(z − z1) exp(−jkR1)
R1 sin kl1
− (z − z2) exp(−jkR2) sin kl
R2 sin kl1 sin kl2
+
(z − z3) exp(−jkR3)
R3 sin kl2
]
, (3.6)
Ez = j30I1
[
−exp(−jkR1)
R1 sin kl1
+
exp(−jkR2) sin kl
R2 sin kl1 sin kl2
− exp(−jkR3)
R3 sin kl2
]
, (3.7)
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Figure 3.3: Two coplanar dipoles in the coordinate
where l is the dipole length. The radial component of the field is obtained from a
linear combination of Eρ, and Ez as:
Er =
−j30I1
r
3∑
m=1
Cmzm
exp(−jkRm)
Rm
, (3.8)
where
C1 =
1
sin kl1
, C2 = −
sin kl
sin kl1 sin kl2
, C3 =
1
sin kl2
. (3.9)
The mutual impedance can be written as:
Z12 = −
1
I1I2
∫ r3
r1
I2(r) ·E1(r)dr. (3.10)
If the current on dipole 2 (with endpoints r1 and r3) is
I2(r) = rˆI2
sin k(r − r1)
sin kd1
, r1 < r < r2; (3.11)
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I2(r) = rˆI2
sin k(r3 − r)
sin kd2
, r2 < r < r3. (3.12)
Consequently, we can have the following expression:
Z12 =
j30
I2
3∑
m=1
Cmzm
∫ r3
r1
I2(r) exp(−jkRm)
rRm
dr. (3.13)
If we define:
E(x) = Ci(|x|)− jSi(|x|), (3.14)
we can further obtain the mutual impedance as:
Z12 = −15
3∑
m=1
3∑
n=1
CmDm
1∑
p=−1
1∑
q=−1
pq exp[jk(pzm + qrn)]
·E(kRmn + kpzm + kqrn), (3.15)
where p and q assume only the values ±l. Rmn is the distance point zm on dipole 1
to point rn on dipole 2.
The coefficients Dn have the same form as in the Cm:
D1 =
1
sin kd1
, D2 = −
sin kd
sin kd1 sin kd2
, D3 =
1
sin kd2
. (3.16)
We calculate the mutual admittance using (3.15) and (3.3). As an example,
Fig. 3.2 shows the external mutual admittance between two ±45o-oriented, λg/4,
magnetic sources vs. distance (D) and they are compared with the results calculated
by using the Green’s functions [38]. The agreeable results are obtained.
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(a) Self admittance (b) Mutual admittance
Figure 3.4: Imaging currents for the admittance computation
3.2.3 The admittance in the parallel-plate waveguide
Following the ideas in the previous section, we can also analyze the coupling of the
slots in the inner region. According to the image theory, the magnetic currents
on the top plate of the waveguide are considered as infinite imaging currents in
the free space. Consequently, the self admittance of the magnetic current inside
the parallel-plate waveguide can be calculated by adding up all the mutual admit-
tances between the original current and its imaging currents (parallel to the original
one) (Fig. 3.4(a)) and its self admittance. Considering these symmetrical currents
locations along z axis, the self admittance in the waveguide is given as:
Ys = Yself + 4
Ns∑
n=1
Y 0,nM1,M1, (3.17)
where Ys is the total self admittance of the slot 1 in the waveguide and Yself is the
self admittance obtained from Eqn. (3.1). Y 0,nM1,M1 is the mutual admittance between
the original current (M1) at Z = 0 and its imaging current at Z = 2nH. H is the
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height of the waveguide and Y 0,nM1,M1 can be obtained from:
Y 0,nM1,M1 =

µ
Z0,n, (3.18)
where Z0,n is the same as Zi,j in Eqn. (3.3). Since the expression for mutual
impedance of the parallel dipoles was given by King [42], we can calculate the self
admittance of the slot without a great effort. Similarly, the mutual admittance
between two slots in the waveguide (Fig. 3.4(b)) can be obtained by adding up the
mutual admittances between the original currents as well as their imaging currents.
We can give the expression as follows:
Ym = 2Y 0,0M1,M2 + 4
Nm∑
n=1
Y n,0M1,M2, (3.19)
where the Y n,0M1,M2 is the mutual admittance between the imaging current of M1 at
Z = 2nH and the current M2 at Z = 0 in the free space. The mutual impedance of
the nonplanar-skew dipoles is analyzed by Richmond [46] and a simplified expression
satisfing reciprocity is given by Schmidt [47]. The numbers (Ns and Nm) of the
imaging currents are determined for the desired accuracy.
3.2.4 The mutual impedance of two nonplanar-skew dipoles
To derive the expression of the mutual impedance of nonplanar-skew dipoles, we first
give the near-zone field of the sinusoidal monopole who has the current distribution
of:
I1(z) =
I1 sinh γ(z2 − z) + I2 sinh γ(z − z1)
sinh(γd1)
, (3.20)
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where the complex constants Il and I2 denote the endpoint currents and γ = jω
√µε.
The two monopoles are located as in Fig. 3.5 where monopole 1 lies on the z axis
with the endpoints z1 and z2 while monopole 2 lies on the plane y = d that is parallel
to the x − z plane with the endpoints t1 and t2. The near field of monopole 1 can
be rigorously given as:
Eρ =
√µ
ε
γ
4pi sinh(γd1)ρ
[(I1 exp(−γR1)− I2 exp(−γR2)) sinh(γd1) + (I1 cosh(γd1)−
I2) exp(−γR1) cos θ1 + (I2 cosh(γd1)− I1) exp(−γR2) cos θ2], (3.21)
Ez =
√µ
ε
γ
4pi sinh(γd1)
[(I1 − I2 cosh(γd1))
exp(−γR2)
R2
+
(I2 − I1 cosh(γd1))
exp(−γR1)
R1
], (3.22)
where (ρ, φ, z) denote the cylindrical coordinates and (Ri, θi, φ) represents the coor-
dinates in a spherical system with an origin at the endpoint zi.
In the induced EMF formulation, the mutual impedance of coupled dipoles is
Z = −
∫ t2
t1
I2(t) ·E(t)dt, (3.23)
where E(t) can be obtained by the combination of the Eρ and Ez as
E(t) = Eρ cosφ sinψ + Ez cosψ. (3.24)
We assume the current distribution of monopole 2 is
I2(t) =
It1 sinh γ(t2 − t) + It2 sinh γ(t− t1)
sinh(γd2)
. (3.25)
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Figure 3.5: Two nonplanar-skew monopoles in their coordinates
We also denote Zij the mutual impedance of the monopoles when only Ii of
monopole 1 and Ij of monopol 2 have the value 1 (other two endpoint currents are
zero).
The mutual impedance Zij is given as
Zij =
√µ
ε
(−1)i+j
16pi sinh(γd1) sinh(γd2)
[exp(γtn)(Fi1 − exp(−γzm)G12 + exp(γzm)G22)
− exp(−γtn)(Fi2 − exp(−γzm)G11 + exp(γzm)G21)], (3.26)
where m = 2/i and n = 2/j. Function Fik is defined by
Fik = 2 sinh(γd1) exp(γlzi cosψ)E(Ri + lzi cosψ − lt), (3.27)
where l = (−1)k. Gkl is defined by
Gik = E(R2 + z2m + nt− jβ) +E(R2 + z2m + nt+ jβ)−
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E(R1 + z1m + nt− jβ)−E(R1 + z1m+ nt+ jβ), (3.28)
where m = (−1)k, n = (−1)l and β = mc cosψ + ndsinψ . E function is defined as
E(α+ jβ) = exp(jγβ)
∫ α2+jβ
α1+jβ
exp(−γw)dw
w
, (3.29)
where α is a function of t. This integral can be expressed in terms of exponential
integrals as
I =
∫ v1
v2
exp(−v)dv
v
= E1(v1)−E1(v2) + j2npi. (3.30)
The integer n is zero unless this path intersects the negative real v axis at a
point between v1 and v2. When there is such an intersection:
• n = 1 if v1 lies above the real axis and v2 is below;
• n = −1 if v1 lies below the real axis and v2 is above.
Efficient and accurate algorithms are available for the exponential integral E1
[48–50]. The mutual impedance between two dipoles is the summation of mutual
impedances between the four monopoles which is:
Z = Z11 + Z12 + Z21 + Z22. (3.31)
A simpler way of computing the mutual impedance of the monopoles is derived
in terms of the scalar and vector potentials [47]. The mutual impedance is written
as:
Z =
√µε
4piεγ
∫ t2
t1
∫ z2
z1
[q(t)q(z) + cos(ψ)γ2I(t)I(z)]exp(−γR)
R
dtdz, (3.32)
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where R is the distance between the source z and observation points t and q(z) is
the time derivative of the charge density corresponding to I(z) defined as
q(z) = −γ
cosh[γ(z − z1)]
sinh(γd1)
+ δ(z − z2), (3.33)
and similarly for q(t). After expressing (3.32) in terms of E1, we have
Z =
√µε
4piε
{
exp(−γR22)
γR22 +
1
4 sinh(γd1) sinh(γd2) ·
∑
st,sz ,sb=±1
stsz exp[γ(stt1 + szz1)]·
∑
i=1,2
(−1)iE[γ(Ri + stt1 + szz1 + jsbβ)]
} ,(3.34)
where
β = dcos(ψ) + stsz
sin(ψ)
. (3.35)
3.3 Results and discussion
Figure 3.6 shows the self admittances (relative error less than 1%) for the slots
with different lengths with the variance of the waveguide’s height. The numbers
of the required images to be added are shown in Fig. 3.8(a). We can understand
that when the slot is near the resonant length (0.5λg), the couplings between the
original current and its imaging ones are very strong and thus need more terms to
be calculated for the desired accuracy. Fortunately, in most cases of our designs,
the slot lengths are always set to be short to avoid the strong couplings with others.
So the computational cost can be reduced considerably as shown in the figure.
The mutual admittance (relative error less than 1%) of two ±45o-oriented, λg/2
magnetic sources versus the distance (D) in the waveguide (H = 0.2λg) are shown
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(a) Real part
(b) Imaginary part
Figure 3.6: Self admittance (r = 1.0)
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(Fig. 3.7(a)) while Fig. 3.7(b) shows the results for the exterior region. We can
find that a much stronger coupling in the waveguide exists even for the case of two
far separated slots compared to the one in the exterior region. The number of the
imaging currents to be added are shown in Fig. 3.8(b).
The mutual admittance (relative error less than 1%) of two ±45o-oriented, λg/2
magnetic sources versus the waveguide height (H) in the waveguide (D = 3.0λg)
are shown in Fig. 3.9(a) while Fig. 3.9(b) shows the numbers of imaging currents.
We can find that the waveguide height will greatly influence the mutual couplings
of the slots in the waveguide. We also give the plots for D = 5.0λg in Fig. 3.10 and
the similar trend is observed while the numbers of the imaging currents increase
3.4 Conclusions
A novel method for obtaining the slot admittance in the parallel-plate waveguide
without using the Green’s functions and numerical integrations has been proposed.
The calculated mutual admittances between two slots on a conducting ground are
compared with those obtained by using the Green’s functions and the results of
both sets are agreeable. Several self and mutual admittances are calculated while
the numbers of the imaging currents to be added are plotted and discussed. The
analysis of the slots of the radial line slot antennas has been greatly simplified.
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(a) In the inner region (r = 1.0)
(b) In the exterior region
Figure 3.7: The mutual admittance between the slots
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(a) Numbers of the imaging currents for self admittance
(b) Numbers of the imaging currents for mutual admittance
Figure 3.8: Self admittance (r = 1.0)
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(a) Mutual admittance (r = 1.0)
(b) Number of imaging currents
Figure 3.9: The mutual admittance with various heights (D = 3.0λg)
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(a) Mutual admittance (r = 1.0)
(b) Number of imaging currents
Figure 3.10: The mutual admittance with various heights (D = 5.0λg)
Chapter 4
Design of slot array of CA-RLSAs
4.1 Introduction
When the aperture becomes smaller, the conventional RLSA with spiral slot arrange-
ment has lower efficiency mainly due to the termination loss and degraded rotational
symmetry of the fields. A concentric array RLSA(CA-RLSA) [51] (Fig. 4.1) was in-
troduced to avoid those shortcomings. However, the design of the slot pairs on such
an antenna requires exact analysis of the couplings between the slots. Uniform am-
plitude and phase over the aperture must be obtained while the return loss have
to be minimized to maintain a high efficiency. The moment method has been suc-
cessfully applied to optimize the slot arrangement by several research groups [16,37]
and good agreements with the experimental results were obtained.
In this chapter we will propose an improved technique for the design of CA-
56
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Figure 4.1: Top view of CA-RLSA with 12 sectors and 5 rings
RLSAs in which the slot pairs are split into several identical sectors. The conven-
tional Galerkin’s moment method is carried out to solve the unknown excitation
coefficients. The numbers of the unknowns and the elements of the admittance
matrix are minimized thus the computational cost is greatly reduced due to the
property of the symmetry of these slot pairs. The total incident power and the
radiated power by each slot are also approximated to avoid a significant return loss
from the termination. A CA-RLSA antenna consists of 360 slots with 8 sectors
and 5 rings is optimized to achieve the desired performance. This method may also
simplify the design procedure significantly since only the slots of one sector are to
be optimized.
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4.2 Formulation
4.2.1 Conventional Procedure
Figure 4.2 shows the analysis model where only 2 slots are shown. According to the
field equivalent theorem, the continuity condition of tangential electric field across
the slots must be satisfied. By following the procedures in [40] and applying the
Galerkin’s method of moments procedure on slot i(i = 1, · · · , N), the following linear
equations for the unknown amplitudes of the magnetic currents Vi are obtained:
N∑
j=1
Vj(Y ini,j + Y outi,j ) = I ini , (4.1)
where Y ini,j and Y outi,j are the mutual admittances of the slots i and j in the inner and
Figure 4.2: Analysis model
the exterior regions, respectively. Let Yi,j = Y ini,j + Y outi,j , then the above equations
can be written in the matrix form as:


Y1,1 Y1,2 · · · Y1,N
Y2,1 Y2,2 · · · Y2,N
... ... . . . ...
YN,1 YN,2 · · · YN,N




V1
V2
...
VN


=


I in1
I in2
...
I inN


. (4.2)
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Vn is the unknown slot excitation coefficient to be resolved and I inn is the integration:
I inn = −
∫ ∫
Sn
Hin ·MndSn, (4.3)
where Sn is the aperture area of slot n and Hin is the TEM incident magnetic field.
Mn is the basis (testing) function of the magnetic current for the very narrow slot
n as:
Mn = vˆnδ(un)
sin k0(Ln2 − |vn|)
sin(k0Ln2 )
, for|vn| <
Ln
2
(4.4)
where Ln is the length of slot n while un and vn are the local co-ordinates originating
from the center of the slot. If we assume a coaxially fed annular aperture at the
center of the waveguide, the field inside the waveguide can be derived by following
the procedure in [52].
4.2.2 Field excited by annular aperture in the parallel wave-
guide
We assume that an aperture of a coaxial line with the inner and outer radii Ra and
Rb, respectively, is located at the bottom plate of the perfectly conducting infinite
parallel plate waveguide of height h. Cylindrical coordinates (ρ, φ, z) are chosen
where z axis is normal to the plane of coaxial annular aperture. The aperture
electric field is assumed to be the TEM mode given by
E(ρ, z = 0) = ρˆ V0
ρ ln(RbRa )
, Ra < ρ < Rb (4.5)
where V0 is the voltage over the aperture.
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After using the equivalence principle, the problem becomes that of a magnetic
ring source in the infinite parallel plate waveguide and the magnetic current (only
the φˆ component exists) density is
Mφ(ρ, z) = −
V0
ρ ln(RbRa )
δ(z), Ra < ρ < Rb. (4.6)
To determine the fields in the parallel plate region due to (4.6), we firstly formu-
late the single component of the magnetic field Hφ. Since Hφ satisfies the equation
(considering the rotational symmetry of the structure)
∂
∂ρ
[
1
ρ
∂
∂ρ
(ρHφ)] + k2Hφ +
∂2Hφ
∂z2
= jωε0Mφ. (4.7)
The solution to (4.7) can be written as
Hφ(ρ, z) = −jωε0
∫ Rb
Ra
Mφ(ρ′, z′)Gm(ρ, z; ρ′, z′)dρ′. (4.8)
The Green’s function Gm which represents magnetic field due to a unit magnetic
current loop satisfies the differential equation
∂
∂ρ
[
1
ρ
∂
∂ρ
(ρGm)] + k2G +
∂2Gm
∂z2
= −δ(z − z′)δ(ρ− ρ′). (4.9)
An appropriate representation of Gm is
Gm(ρ, z; ρ′, z′) =
∞∑
n=0
fn(z′)gn(ρ, ρ′) cos(
npi
h
z). (4.10)
After substituting (4.10) into (4.9), we multiply both sides of the equation by
cos(npih z) and integrate both sides from z = 0 to z = h, we then obtain fn(z
′) as:
fn(z′) =
pn
h
cos(
npi
h
z′) (4.11)
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where
pn =



1, n = 0;
2, n ≥ 1.
(4.12)
Now Gm becomes:
Gm(ρ, z; ρ′, z′) =
∞∑
n=0
pn
h
cos(
npi
h
z′) cos(npi
h
z)gn(ρ, ρ′). (4.13)
Substituting (4.13) into (4.9), we will have the differential equation for radial
Green’s function gn:
[
1
ρ
d
dρ
(ρ
d
dρ
) + k2n −
1
ρ2
]gn(ρ, ρ′) = −δ(ρ− ρ′), (4.14)
where gn is finite at ρ = 0 and satisfies the radiation condition as ρ→∞. Following
the method in [53], we will find:
gn(ρ, ρ′) = −
jpiρ′
2
J1(knρ<)H(2)1 (knρ>). (4.15)
The J1(knρ<) and H(2)1 (knρ>) denote Bessel functions of the first kind and Han-
kel functions of the second kind, both of the first order. For ρ < ρ′ : ρ< = ρ, ρ> = ρ′
and for ρ > ρ′ : ρ< = ρ′, ρ> = ρ.
Substitution of (4.15) into (4.10) yields:
Gm(ρ, z; ρ′, z′) = −jpiρ
′
2h
∞∑
n=0
pnJ1(knρ<)H(2)1 (knρ>) cos(
npi
h
z′) cos(npi
h
z). (4.16)
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By substituting (4.17) into (4.8), Hφ becomes:
Hφ(ρ, z) = −
√
µ
ε
piV0
2h ln(RbRa )
∞∑
n=0
pn√
1−(npikh )2
J1(knρ<)H(2)1 (knρ>) cos(npih z) cos(
npi
h z)·



H(2)1 (knρ)[J0(knRb)− J0(knRa)], ρ ≥ Rb;
2j
piknρ + J1(knρ)H
(2)
0 (knRb)−H
(2)
1 (knρ)J0(knRa), Ra ≤ ρ ≤ Rb;
J1(knρ)[H(2)0 (knRb)−H
(2)
0 (knRa)], ρ ≤ Ra..
(4.17)
The height of the waveguide for RLSA is supposed to be less than 0.5λg and
we only have interests for the region ρ ≥ Rb. Consequently, only the fundamental
mode has been included as the slots are supposed to be far enough from the feed
to suppress the evanescent modes. If we assume that no power is reflected from
the terminal, the incident magnetic field (Hin) due to the source can be modeled as
TEM wave with its φ component as:
Hin = φˆH(2)1 (kgρ) ≈ φˆ
√
2
kgρpi
e−j(kgρ− 3pi4 ) , (4.18)
where H(2)1 (•) is the second kind Hankel function of the first order. It’s not difficult
to find that the number of the unknown Vn equals to the number of the slots.
4.2.3 Improved technique
We propose the following improved design procedure which takes the advantage of
the symmetry of the slot arrangement:
(i) The top plate with slots are divided into N identical sectors (N = 12 in this
case) as shown in Fig. 4.1. For the TEM incident wave given in Eqn. (4.18), the
slots in different sectors should have the same excitation coefficients. Consequently,
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if we assume there are 5 rings of slots in total and set the slot number of the ith ring
to be Ni = 12i, then there will be 30 slots in each sector (Fig. 4.4) and 30 V ′ns to be
solved instead of 360 in the conventional method.
(ii) Let’s define the admittance matrix [Yi,j] with a dimension of 30× 30 to be the
mutual admittance matrix of the slots in sector i and sector j, while [V ] and [I ] are
just like the vectors in Eqn. (4.2), then we can have the following compact linear
equations in the matrix forms:


[Y1,1] · · · [Y1,12]
... . . . ...
[Y12,1] · · · [Y12,12]




[V ]
...
[V ]


=


[I ]
...
[I ]


. (4.19)
Considering the relations between the sectors, we can have the following equations
in the matrix forms:
12∑
i=1
[Y1,i] [V ] = [I ] . (4.20)
Only 12 sub-matrixes [Yi,j ] are calculated and the final solutions are reduced
to the linear equations with the dimension of 30 × 30 which requires much less
computation than the direct method. Now we can optimize the arrangements and
dimensions of these slots and expect the uniform radiated power and phase of each
slot are achieved while the maximum total power is radiated into the outer space. To
minimize the reflected power from the terminal, we have to know the total incident
power as well as the radiated power by the slots. After substituting the Hin with
the approximate form in Eqn. (4.18), the incident power can be given as:
Pin = η
|Hin|2
2
× (2piρH) ≈ 120λgH√r
, (4.21)
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where H is the height of the waveguide, and η is the intrinsic impedance of the
medium.
4.2.4 Approximate power radiated by a slot of the RLSAs
To compute the radiated power from the slot, we have to evaluate the radiation
pattern in the far region. We assume a magnetic line source is located in the free
space with the current distribution of
M(x′ = 0, y′ = 0, z′) =



aˆzM0 sin[k( l2 − z
′)], 0 ≤ z′ ≤ l2
aˆzM0 sin[k( l2 + z
′)], − l2 ≤ z
′ ≤ 0
(4.22)
where
M0 =
1
sin(k l2)
. (4.23)
We can calculate its far region magnetic field as:
Hθ '
jM0e−jkr
2ηpir
[
cos(kl2 cos θ)− cos(
kl
2 )
sin θ
]
, (4.24)
Eφ ' Hθ · η. (4.25)
For this magnetic dipole, the average Poynting vector can be written as:
Wav =
1
2
Re[E ×H∗] = aˆr
η
2
|Hθ|2 . (4.26)
The total power radiated can be found by integrating the average Poynting
vector of (4.26) over a sphere of radius r:
Prad =
∫∫
©
S
Wav · ds =
∫ 2pi
0
∫ pi
0
Wavr2 sin θdθdφ, (4.27)
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which is further derived as
Prad =
|M0|2
4piη
∫ pi
0
[
cos(kl2 cos θ)− cos(
kl
2 )
]2
sin θ
dθ. (4.28)
After some extensive manipulations, (4.28) can be reduced to
Prad =
|M0|2
4piη
{
C + ln(kl)− Ci(kl) +
1
2
sin(kl)[Si(2kl)− 2Si(kl)]
}
+
1
2
cos(kl)[C + ln(kl/2) + Ci(2kl)− 2Ci(kl)], (4.29)
where C = 0.5772 (the Euler’s constant) and Ci(x) and Si(x) are the cosine and
sine integrals. Since the magnetic current on the conductor plate is equivalent to
two identical sources in the free space, thus the magnetic field will become twice as
in (4.24) and the Poynting vector will be four times as in (4.26). Considering the
half space radiation, the power radiated by the slot on the conductor plate can be
finally written as:
Prad =
|M0|2
2piη
{
C + ln(kl)− Ci(kl) +
1
2
sin(kl)[Si(2kl)− 2Si(kl)]
}
+
1
2
cos(kl)[C + ln(kl/2) + Ci(2kl)− 2Ci(kl)]. (4.30)
This result can be also obtained in another way. Considering that if the dipole
and the slot are of the same lengths (l) and current distributions (Eqn. 4.4), the
power (Pdipole) radiated into the free space from the dipole and the power (Pslot)
radiated into the half space from a slot satisfy the following equation:
Pslot =
2
η2
Pdipole . (4.31)
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Figure 4.3: Radiated power by a slot
Fig. 4.3 shows the power radiated into the half space by a slot on the con-
ductor plate. We are now able to determine the slot locations and the lengths for
a desired uniform phase and radiated power. Only 30 coefficients are considered,
which simplified the design considerably as compared to the previous methods. For
an M -sector CARLSA with N rings, we may assume that the ith ring is located
at ρ = iλg initially and the number of slot pairs of the ring is i which will lead to
Sρ = λg and Sφ = 2piλgM . The number of the admittances to be computed using this
method is:
Nnew =M [N(N + 1)]2, (4.32)
while the number in previous method is:
Nold = [MN(N + 1)]2. (4.33)
Obviously, the present computational cost for the admittances is much less.
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Figure 4.4: Numbered slots 1-30 in a sector
The unknowns of the excitation coefficients are also reduced to N(N +1) instead of
N(N + 1)M .
4.3 Results and discussion
We have designed a CA-RLSA with 12 sectors and 5 rings which has 360 slots. For
simplicity, we let r = 1 and H = 0.2λg. The lengths of all the slots are initially
set to be 0.3λg. After several rounds of optimizations of the lengths of the slots,
the lengths Li of the ith ring are set to be as follows: L1 = 0.28λg, L2 = 0.30λg,
L3 = 0.31λg, L4 = 0.32λg, L5 = 0.33λg. The radial positions are not changed since
these short slots will not disturb the phases too much, different from those long
slots [40].
From Fig. 4.5 and Fig. 4.6 where the slots are numbered from 1 to 30 (Fig. 4.4),
we can find that more uniform aperture distributions compared to the initial case
are achieved. The comparisons of the computational cost on the admittance matrix
with the conventional method are shown in Table I, where Nunknown is the number
of the unknown excitation coefficients to be solved for in the previous method.
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(a) Radiated power by slots 1-15
(b) Excitation phases of slots 1-15
Figure 4.5: Results after optimization (slots 1-15)
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(c) Radiated power by slots 16-30
(d) Excitation phases of slots 16-30
Figure 4.6: Results after optimization (slots 16-30)
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Table 4.1: Comparison with the previous method
M Nnew Nold Nunknown Nnew/Nold Sφ(λg)
8 7200 57600 240 0.125 0.785
9 8100 72900 270 0.111 0.698
10 9000 90000 300 0.100 0.628
11 9900 108900 330 0.0909 0.571
12 10800 129600 360 0.0833 0.524
4.4 Conclusions
In conclusion, a more efficient technique for the design of CA-RLSA is proposed. The
computational cost on the admittance elements and the dimensions of the matrix
are greatly reduced. The optimization procedures are also simplified since fewer
coefficients are to be optimized.
Chapter 5
Conclusions
This thesis develops some practical and efficient methods for the analysis and designs
of RLSAs. We obtain a highly successful method for computing the slot admittance
of RLSAs for both the exterior region and the parallel-plate waveguide region. This
method avoids the complicated derivations and applications of Green’s functions for
the respective regions and the numerical integrations are also excluded during the
whole procedure. The mutual impedances between conductor line dipoles are ex-
pressed in the closed-form, so that it requires less computational efforts compared to
the conventional methods. The calculated results are compared with those obtained
using the Green’s functions and a very good agreement is observed.
We also propose a method for the design of the Concentric Array-RLSAs where
the slot pairs are divided into several identical sectors. The slot coefficients are thus
reduced by several times so that the computation of the admittance matrix will be
greatly saved. The optimizations are also simplified since only the slots in one sector
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are taken into account. We have shown the case where a CA-RLSA with 5 rings
and 12 sectors are optimized to achieve the desired performance only after some
very simple updates of the slot coefficients in the first sector. This approach is more
efficient once the antenna has more rings and are split into more sectors.
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